Lecture 11

Jensen's Inequality (cont'd)
- If f(x) is a concave function over an interval (a,b), then for every x;and X.
inside the interval, and oSy,

fa + (-0%) 2 aflwy+ (-0 %)
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F(ax,+ (-1 %)
'F(Kz)

Show that the KL Divergence is always non-negative. |
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DKL(P” @) =0

Previously,

Cross Entropy:

Thus, the mutual info. Is the KL distance
between the Joint PMF and Product of
marginal PMFs.

IX;Y) =D {P(xy) || P(x)P(y)} 2 O

HcQ\»B) = H{ + DkLWM) Z H(A)

Go back to the relation between joint entropy and mutual information:

H(X,Y) = H(X) + H(Y|X) = H(X) + H(Y) - 1(X;Y)

- Coding

=> HOGY) € HOo+ H(Y)

Where [(X;Y) = I(Y;X) = H(X) - H(X|Y) = H(Y) - H(Y|X) => H(Y|X) = H(Y) - 1(X;Y)

Assigning binary sequences to elements of an alphabet.

Alphabet: set of symbols (called "letters")

Code: The set of binary sequences, where the individual members are called the codewords.

Rate of the Code: Average number of bits/symbol (avg. codeword length)

Example: Alphabet = {a. , &, @, 04‘[

Le,‘H ey

Q,
G,
G
Gy

Probablity  Code
0.5 00
D.25 0|
0.12% o
0.125 Il
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AcL

ACL = 0.5X2 + 0.25X2 + 0.125X 2 + 0,)25X2

=2 bl.{S/Symbol



Alternatively,

Example: Alphabet = { aQ,, &, @, Qq}

LeHer Probab) Iity Cod e

ACL = 0.5Xy + 0.20X3 4 0.028x 24 018X |
Q 05 1)
fa; D.25 1o = 2 +015+0.235+0.12¢%
3 0.13% o _
Oy 0.125 0 = 3.5 b /Sjm’vol

Or, shorter code for more likely letters:

Example: Alphabet = { aQ,, &, @, Qq}

LeHer Probablity Code

Q, 05 0 ACL = 0.5%1+ 0.25*%2+ 3*0.125+ 3*0.125 = 1.75 bits/symbol
Gy D.25 |0
b 0.12% o
Oy 0.125 (1
Unique decodable?
A, G, G, Gy
Vo | Encoller Decoder

D W o M~ 0M0Iol] —> 4,4 a, G,

0;,‘43,6\.,0;
VR

d
o llo 1l jo = ollojil|o Rader 65,0
VT T T
Huffman Coding
e Leter Pes)
0 Q, 0.5 0
o Gy 0.y~ —— 0.5~
. I 1\
1 G o5 _LJ 0.25
H( 05,025, 0.125, 0.125) = -0.5104, 0.5 - 025009, 0.25 - 2% 0.126 x Jog, 0125
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Hos, 045, 0.125, 0.125) = - 0.5'05,0.5 - a2§'°3, 0.25 - 2% D.12&x I03, 0.25"

05+ 025X2 + 02rx 3 = I.TF bids /g7,.;°¢
ACL = 0.5*%1+ 0.25*2+ 3*0.125+ 3*0.125 = 1.75 bits/symbol
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