Lecture 8

Overall,

1(X;Y) = 1(Y;X) = H(X) - H(X]Y) = H(Y) - H(Y[X)

H(X) = :},:b"_'s H(Y) = 2 b\.‘*s
I TN = ¥ bits I I0:%)= § bits

= 13|,

HOXIY = ¥ bits HOYID = ¥ b

Conditioning can help achieve better compression! Gain = I(X;Y)

- Joint Entropy and Mutual Information

Joint Entropy: Uncertainty about the joint sources X and Y.
Hixy) = - 22 POy [og, p(x,Y)
x€X \jﬁY ———
Plty) = P(4)-PXIY) , by Bayes’Rule

= 2T POLY fog, P) - 2 2 P(xy) log, p fly)

xeX ytY XEX ye Y

N

"

HOy + HEY)
S\‘milarl/,

Hixy) = - 22 By logpx,y)
Plxy) = P (x) P(le) by Bayes ' Rule

I

= 2P0 fog, PL0) = 2 2 Py log,p (u]x)

XeX ytY XEX Ye Y
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= Hux) + H(Y[x)
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In summary,
H(X,Y) = H(X) + H(Y|X) = H(Y) + H(X]|Y) =7/4 + 13/8 = 27/8 bits = 2 + 11/8

1(X;Y) = 1(Y;X) = H(X) - H(X|Y) = H(Y) - H(Y|X)

H(X) - :zlﬂ»'{s H(Y) = 2 b\'is

1 TN = ¥ bits I I(0Y;X)= ¥ bits

= 13,
HOXIYY = 4 bise A L

Compare: H(X,Y) = 27/8 bits < H(X) + H(Y) = 7/4 + 2 = 15/4 bits,
H(X) + H(Y) - H(X,Y) = 15/4 - 27/8 = 3/8 bit = I(X;Y)

Blocking can help achieve better compression! Gain = I(X;Y)

Go back to the relation between joint entropy and mutual information:

H(X,Y) = H(X) + H(Y|X) = H(X) + H(Y) - I(X;Y)

Where I(X;Y) = 1(Y;X) = H(X) - H(X|Y) = H(Y) - H(Y|X) => H(Y|X) = H(Y) - I(X;Y)

H(X,Y) = H(X) + H(Y) - I(X;Y)
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HOO

H(Y)
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If X and Y are independent, then P(%‘j) =Pw)- P(‘J) ) and P("‘U) = Po()
POy Y) = PKIY)-PY) iy geneyal

- Mutual Information I(X;Y)
N = 23 pluy 'Oﬁ; E’Q‘&] _ 23X Pluy |°ﬁ;| =)
xeX yey P& XeX YeY
——
%)
P

=1

H(X,Y) = H(X) + H(Y|X) = H(X) + H(Y)

And H(Y) = H(Y|X)
Similarly,  H(X) = H(X]Y)

NO,Y) = HOO+H(Y)

/ N

- KL Divergence (KL Distance) between two distributions

/ "\ —~
kullback - Leibler Py and Q)

— > lpi (
DKL(PHQ) = %{P(m) lojl@%}}) where T=1, 2,

Joint Distribution P(X,Y):

Drc(XIIY) N1 2 s a3
y ., 1 4 L + (Y=1) =
= 3 sy log, B ; o

[ 32 32
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DKL(QH P) = %‘{ Ao loﬁ L)(] \X} , Whee T=1,2,

How about DKLQ“X) = ’?

meenea o (0116) * dec(allp)

- Look back at the Mutual Information I(X;Y) i
OGN = 25 POy log, PQ"'”\} = 2 S|pky) OI‘{,PQ:’:’H:’“?}
xeX yey Py XEX yeY P

Thus, the mutual info. Is the KL distance

between the Joint PMF and Product of
marginal PMFs.

Joint Distribution P(X,Y):

W1 2 3 4 2
I(X;Y) = D g {P(x,y) || P(x)P(y)} 1 .é. TR P t
=23 P{x,‘j) IOQZ—L 2 ¥ 5= K ply=n=7
XX yey Py Py 3 % & 1/ 1 PO =41
= P(x=1y= P (x=1,Y=1) 4 3.0 0o 0 plY=m=3
P(X LY=" loﬁz P@:() P“:\) z P(xg‘) P (x= ) P(x-;) P(X: y)
{f_ v ¢ ¥
+--. ) ,k * é—
16 Yerms 1n total

= g bit (Verity His))

In X and Y are independent, P(x,y) = P(x)P(y), thus P(x,y)/P(x)P(y) =
I(X;Y) = Dy L {P(x,y) || P(x)P(y)} = 0.
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