Lecture 6

Chapter 3: The Z-Transforms

DTFT: X)) = 2 xtme 3"

=2 DIFT 15 +the Z-T on the unit civcle
= ~00 l%] = |
l Extension
Z-T: X(3) = Z xXn})- 2 " , Wwhere 2 = Yejw = rlosw +J'rsfnw
N=-o0 poler foym
= 2 Al r e
N=<-oo
- > X ]r“” eow"
n
= {x[n] ry LI r=1, X(@) = Fr{xmi"}
—
= 47 {xtn}
For +he 2-T 4o exist
3 b erf < o = S ool < o v
N= - o0 ‘ n=—-o0 —~
r—'ﬂ
Find all the values of 2 such that +he above Condlition s val;d
~—
Regions of Convergence (ROC)
Exomple 1 - 'X,Cy\] = 0" uln)
X® = Za " Z )
o / it <1 = El>u
B
| . :
X(%,) = [ - O,Z'" N ’2’0(’ 12' > la"
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X = | < g
| -az!

Rot = (2] > (ol

Severa| cases :

Im{3)
eg XM = 2"uln) —> DIFT does / /‘xf'”i';'\’_t{,\ay > Refe
|z not exist i
X = ﬁ;l ;12 s2 RoC does not include the wnit Civele

@ &l<)  RoC: [z]l >[a] = DIFT exisk

€45 xiny = (’L‘)nu[vﬂ é/?(/%//

//\ (\“/‘Z’:l{/,’l
! 7Y
\
X(%) = Yoo ROCI ‘%\ > L .
i l_ 2%.' 2
\ z=¢ \
iw - —
X(e ) [_ _ée-‘)w
G) o} =1, Roc: R >al =1 outside the unt civcle.
€4, xl= ulm = |"uin
l fi=1

\__124 R [-Z\>l

i

X(2)

X(nl does not have DTET

X{n)
Next, determine the Z-T on = —a"ul-u~? Left - Sided Exponential
Sequence
= {‘an y —N-] Zo = N~
o , €lsewhere
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. (Al<
m=> '-f
2o 2 1
Z/@m: Lﬁm-«%ﬁm= /v/g’/
m= =° m=e
This X&) =~ ( i ). leEs
=>ll%l<la!]
= -ax

| 1~ (1-a'2 el
Since - o~ = - ) = &%
1~6" % (- a'2

[-¢ 'z
'z @'z / 'q

012, = V2

(- az™
In Summary,

AT (
~a"u(-n Ll o l%‘<|a|‘
[- a2
Su‘m{lar(\/, there are sevewml Cases [al<1, le] =1, lal>y,
eg., (o<

xCn) = (Ji)n ul-n-1)

J/ | ." t7t\f \ <
= ——  Rl<y  TIAETT
| = J‘%d‘ —— N
2 excluclu‘ng the
wnd Uvde
DreT does not exist.
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E;(wple : X(n] = e;)nuf,n] + &Jg)nu tn)

Hen — - B

I~z
n \
S LA

gL

) = -
X -1y |+ 52

Roe : H>L ad B>t = RI> 5.

Table 3.1 SOME COMMON z-TRANSFORM FPAIRS
TRELE 3.1 SOME COMMON o-TRANSFORAM PAIRS

Sequence Iranslorm Fed
L. &[u) | Al ;
|
4 | =
2owlw] == lz] =1
|
5 -
L, =i]=m=1] = Izl =1
4. Efa — e [ Al ewcept il = O or oo (il b = )
B |
S e _— 12] = |4
[+] rp— | = lar]
|
fi. —a"w[-n—1] — Izl = |l
1 =z~
- “ I .
a1 1 e 7| o= 4]
wuln) {1 — a2 k=1
nz!
B, —nau[—n —1 —_— S
' ] {1l —azr-1;2 el
1 = oy bz~ !
0, vl un zl = 1
RV I ] 1 =2 eosliogiz ™! 4 .'_: I I
-—1
. Ll LR 7Y
10 sy [ ) I HER

— -
1 =2eostegz™! 4272

| — remiegiz ™)
11, r™ cosfean bu[r ol = r
{ 5 —
1 = 2rcosfam =t 4 riz-2
r i g !

12, r" siniaxe bwn] — |zl = r

1 = 2rcosfambz=! 4 riz—e

L et =nsN=1, 1-a"r ¥ )
i l:l -:I1|In..'F|'t'.|.~q.' 1 -z Iz} = U
2T
0 < All
" Z W= 1 27%= 1, Roc: 2

=~ 00
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- Zeros and Poles

Y@ =

P& Terws: all 2 values such that P(2) =0 = X@=o
>

poles: all 2 values -+ --- Q(z) =0 = X(® — oo

ROC does not contain poles .

Example ‘
xample () = 4 |

Roc: [gl =% end B]>L > [RI>L

14327 41~ Lg .
— : %
X 2

(=32 (14 52

(2-gen) 2 = 22(z2-%

(Z-3) (2+%)

—
—

P® =o = 2%(2-75) =o = Twosews: o, L.
-4 -
ew =0 = (3)(#r¥) =0 > Tum poles. L,L
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- Properties of the Z-T
2: If ROC includes the unit circle, then DTFT of x[n] exists.

3: ROC cannot contain any poles.
5: x[n] is right-sided, then ROC extends outward.

Possibilities of ROC:

Right - sided Sequence '
ROC l/ L e Iesi
_ / Left - sided Sequente RoC
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- Stability, Causality and ROC

(1) Stability check :

3

n=-oo n

Do .
h[n]\ <eo > D eI xisks = RoC of H(®)
= .00

—_—
DIFT

includes +he wnit cirele

(@ Causelidy check
hin) s righi-sided (i.e., hlny =o if n<o) = causal

= RoC of H(2) exlends outwerd

Examplas S H@ hes Roc - i‘ <lel<2 (N’mg)

Stable = Yes
Causal : No!  Since ln[n] 'S +wo ~Sided |
1.e., hD’\) =0, if n<o
@ H@ has o Roc: W >2

Stable ©  No, unit civcle not included
Cousal : Yes, RoC extends outward.
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TABLE3.2  SOME z-TRANSFORM PROPERTIES

Froperty  Section

MNumber  Reference Sequence Tramsform ROC
i[n] Xiz) Ry
] X1(z) R,
valin] Xalz) Ry
1 341 axi[n] + baar]  aXy(zd4 bX2iz) Contains Ry, N Ry,
> 2 342 x[n — ) XD K. except for the possible

addition or deletion of
the origin or oo

3 343 zhx[n] Xiz/za) |z B
Xz

4 344 nxfe] —;‘T Ry

5 3.4.5 V¥l X4y R,
| ’ x g

a Relx[m]} SIXi(z2 4+ X% (2" Contains R,
| i ; :

7 Tm{x[n]} —[X(z)— X*(z%)] Contains R,
=t

8 346 v*[—n] X*(1/2%) 1/R,

> 4 3.4.7 xp[n] #= xzn] X1 Xz(z) Contains Ry, M Ry,

Time - Shifd Pproperty - xln 21 X, xn-13 T, X @)
X(p-27 ZLs 27> X (o

Convolution . Yoy = x0n) ¢+hin)

Yz) = X@-Hre) = H® = Y@

X(2)
SyS’l—ew\ Funchion

Recall Mgy = Y(edw)
,t X(CJW)
Syskem Response
For example - Yytny = X0 ~ x[n-17)

{ \ {
Y@ = X@ - ¥'X@ = (- %) x@

PO —

-2 Roc: [%l>o0
X (®

2

System 1 both {S{-able + ROC indudes the wnit circle ;
cousal : RoC extends outwar.
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